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J>-,' Abstract. We prove that Hamiltonian characteristic classes de- 

, ^ . fined as fibre integrals of powers of the coupling class are alge- 

^> ' braically independent for generic coadjoint orbits. 

rz^l 1. Introduction 

Oj • Let {M,co) be a closed symplectic manifold of dimension 2n and 

^ '■ let 

t^: {M,co)^E^B 

, S, ' be a Hamiltonian fibration over a simply connected base. It means 

! that the structure group of the fibration is contained in the group 

^ I Ham(M, a;) of Hamiltonian diffeomorphisms of {M,co). There exist 

00 [ a cohomology class O G W^(E) that is uniquely defined by the 

^ ■ foUowtne two conditions: 

O ■ 

(SI ■ i*0 = [co], 

iri' 7r!(n"+i) = o. 

It is called the coupling class. The existence of the coupling class and 

its basic properties are discussed in Guillemin-Lerman-Sternberg (ll 

and Lalonde-McDuff 0. 

Since the fibre integration is functorial the coupling class is nat- 
^ ■ ural in the sense that the coupling class of the pull-back bundle 

9^ , is the pull-back of the coupling class. One defines the following 

characteristic classes of Hamiltonian fibration 

ME) ■■= 7r,(n"+'^) G h^\b). 

The fundamental question arises if these classes are nontrivial and 
to what extent are they algebraically independent in the cohomol- 
ogy ring H*(BHam(M, a;)) of the classifying space of the group of 
Hamiltonian diffeomorphisms. 

The first result about the algebraic independence was proved by 
Reznikov for CF" (Section 1.3 in |9|) and it states that the classes 
^fc are algebraically independent for k = 2, . . . ,n + 1. Reznikov also 
suggested that this result may be true for any coadjoint orbit of a 
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compact Lie group. The main result of the present note states that 
Reznikov's claim is correct generically. 

Theorem 1.1. Let G be a compact semisimple Lie group and let 

X := {fc G N I 7r2fc(BG) ®Q^Q}. 

There exists a nonempty Zariski open subset A C g^ in the dual of the 
Lie algebra of G such that for any ^ ^ A the coadjoint orbit M^ of ^ sat- 
isfies the following. The classes ^^ G H^*^(BHam(M^)) are algebraically 
independent for k ^ X. 

The proof of this theorem amounts to the calculation of the char- 
acteristic classes f/^ for the universal fibration M^ — ^ BG^ — > BG. 
Then we use the fact that the cohomology ring H* (BG) is a polyno- 
mial ring generated by elements in degrees in X. 

Corollary 1.2. Let Gbea compact simple Lie group different from S0(4fc) 
There exists a nonempty Zariski open subset A C g^ in the dual of the 
Lie algebra of G such that for any ^ ^ A the coadjoint orbit M^ of ^ sat- 
isfies the following. The homomorphism H*{B¥Lam.{M^)) — > H*{BG) 
induced by the action is surjective and its image is generated by the classes 

n- 

Remark 1.3. We exclude the orthogonal group S0(4fc) because there 
are two generators in H'^^{BSO{Ak)), the Euler class and the A:-th 
Pontryagin class. We shall show in Section |3^ that the Euler class is 
a nonzero multiple of the class /^2fc for ^ bundle over S^*^ with fibre 
S0{Ak)/U{2k). 

Remark 1.4. In order to prove the surjectivity of the homomorphism 
H*(BHam(M, a;)) — > H*{BG) one can use characteristic classes de- 
fined by integrating products of the equivariant Chern classes Q or 
use different arguments [H. 

In Section |3l, we provide various examples of coadjoint orbits for 
which the algebraic independence does or does not hold. The sim- 
plest manifolds with the class ^3 trivial in H*(BG) are the com- 
plex grassmannian G(2,4) of planes in C^ and the flag manifold 
SU{3)/T for a certain invariant symplectic form. 

1.5. Conventions. Throughout the paper H*{X) denotes the coho- 
mology of X with real coefficients. 

When we say that a statement holds for a generic element x G F of 
an algebraic variety we mean that there exists a Zariski open subset 
S C V such that for every element x G S the statement holds. 
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2. Proof of the main result 

2.1. Flag manifolds. If a cohomology class evaluates nontrivially 
on a sphere then it is not the sum of the products of classes of 
lower degree. This simple observation allows to prove the algebraic 
independence of the characteristic classes for flag manifolds. 

Lemma 2.2. Let G be a compact and connected semisimple group. Let 
CO he a generic homogeneous symplectic form on the flag manifold G/T. 
Then for a rationally nontrivial homotopy class f: S^^ — > BG the induced 
Hamiltonian bundle has a nontrivial class }i]^. 

Proof. Consider the following pull-back diagram 

G/T^^G/T 



BT 



S^^ -^^ BG 

Let a G H^^^S^^) be a generator and let cr = f*{a.) for some a. G 
H^'^(BG). Notice that this implies that k > 1. Since the cohomology 
of BT is generated by classes of degree two the pull back 

7r*((r) = 7r*(/*W)=/*(p*(^)) 

is a sum of products of classes of degree two. This implies that the 
cohomology ring H*(E) is generated by degree two classes. More- 
over, the inclusion of the fibre induces an isomorphism H^{E) = 
H^{G/T). 

We claim that there exists a Zariski open subset of H^{E) con- 
sisting of classes whose highest power is nonzero. Since taking the 
highest, i.e. (n + A:)-th power defined an algebraic map H^(E) -^ 
H^'"+ -*(£) = R it is enough to find just one class with nontrivial 
highest power. Here dim G/T = 2n. Observe that the symmetric 
map 

H^{E)®(^+^^ 3 fli ® • • • ® fl„+fc ^ fli • . . . • ak+n G H"+\E) 
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is nontrivial as H*(E) is generated in dimension 2 and E is closed 
and oriented. Since any multilinear symmetric map is determined 
(via the polarisation formula) by a polynomial map, the map 

H^{E) 3a^ fl"+*^ G H«+'^(£) 

is nontrivial. 

Let CO G rf-{G/T) be a generic G-invariant symplectic form. Then 
the associated coupling class Q G ii^{E) is such that D""*"*^ 7^ and 
hence 

■^,(E), [s^^] ) = [m{a'+^), [52*^] ) = (n"+^ [E]) 7^ 0. 

D 

Corollary 2.3. Lef X = {k G N | 7r2fc(BG) ® Q 7^ 0}. ¥or a generic 
homogeneous symplectic form on a flag manifold G/T the classes }i]^ G 
H^^(B¥Lam{G/T)) are algebraically independent for k G X. Moreover, 
these classes cannot be generated by classes of smaller degrees. 

Proof Let ^ G g^ be an element such that its coadjoint orbit M^ is 
diffeomorphic to a flag manifold G/T. It follows from Lemma 12.21 
that for each fc G X the class }ik{E) G H*{S^^) is nonzero for ^ in 
an open and dense subset of g^. Taking the intersection of these 
subsets for all fc G X we obtain an open and dense subset for which 
the classes are nontrivial for Hamiltonian fibrations over spheres. 
Since these classes don't vanish on spheres they cannot be generated 
by classes of smaller degrees. The algebraic independence follows 
from the fact that H*{BG) is a free polynomial algebra. D 

2.4. The general case. The cohomology ring H*{BG) is isomorphic 
to the ring of the invariants S{g^)^ of the Lie algebra of G and to 
the ring of polynomials S(t^)^ on the Lie algebra of the maximal 
torus r C G invariant under the action of the Weyl group. Let M^ 
be the coadjoint orbit of ^ G g^. Then every class ji^ for M^ uniquely 
defines an invariant polynomial p^jt G S(g)'^ = S(t)^. 
The function H : M^ — > R given by 

H(Ad^(a) = (x,Ad^(a 

is the Hamiltonian function for the action on the coadjoint orbit 
M^ generated by X G g. The following lemma follows from K^dra- 
McDuff DH Lemma 3.6 and Lemma 3.9]. 



HAMILTONIAN CHARACTERISTIC CLASSES 

Lemma 2.5. Let X G g. The following formula holds true. 
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Corollary 2.6. Let {M,co) he a nontrivial coadjoint orbit of a semisimple 
Lie group G. Then the class }i2k ^ H^^{BHam.(M,co)) is nontrivial for 
every positive integer fc G N. D 

2.7. Proof of Theorem 11.11 It follows from Corollary 12.31 that the 
relevant classes /ijt ^re algebraically independent in H*{BG) for a 
generic ^ defining a flag manifold. Since the algebraic indepen- 
dence is an open condition it follows that the polynomials p^ ^ ^^e 
algebraically independent for a generic ^ G 0^ and fc G X. D 

Remark 2.8. Observe that p^jt(X) defines a bi-invariant polynomial 
of degree k on the tensor product g ® g^. The algebra of G-bi- 
invariant polynomials on g (E" 0^ is isomorphic to the algebra of 
polynomials on t (8) t^ bi-invariant for the Weyl group of G. 

There are two interesting Zariski open subsets of the dual Lie 
algebra t^ of the maximal torus T C G. One consists of those el- 
ements giving flag manifolds as coadjoint orbits. And this is just 
the union of the interiors of the Weyl chambers. The other consists 
of elements such that the characteristic classes associated with their 
coadjoint orbits are algebraically independent. In the next section 
we discuss examples showing that this two sets do not contain each 
other. In particular, the algebraic independence holds not only for 
flag manifolds. 

3. Examples 

3.1. Coadjoint orbits of SU(n). As we mentioned in the introduc- 
tion Reznikov proved that the classes jij^ are algebraically indepen- 
dent in H*{B Ham(CP"-i)) for fc = 2, . . . ,n (see K^dra-McDuff E 
Proposition 1.7] for an alternative proof). Hence it follows that these 
classes are also algebraically independent for any coadjoint orbit of 
SU{n) which is close to CP"-^ 

3.2. The failure of the algebraic independence. Checking directly 
whether a class jij^ is a polynomial in lower degree classes seems to 
be complicated in general. However, one can make an interesting 
claim if dim H^'^(BG) = 1. The latter condition is always true for a 
simple compact Lie group G and k = 2, and for a single odd number 
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kii G has one of the groups SU{n), S0(4fc + 2) or £5 as a factor. We 
shall discuss concrete examples in the next sections. 

Proposition 3.3. Let G be a compact Lie group and let m ^K be a num- 
ber for which n2miBG) Q = H^"'{BG;Q) = Q. Let u e S{q^)^ be a 
nontrivial invariant polynomial of degree m. The class jiyn ^ H^^{BG) is 
trivial for the coadjoint orbit M^ if and only ifu{^) = 0. 

Proof It follows from the hypothesis and the isomorphism H* (BG) = 
S{g^)'^ that the polynomial u is unique up to a constant. Since 
the polynomial p^^rni^) is bi-invariant on the tensor product (E" g^ 
there exists a degree m invariant polynomial y on g such that 

p^^UX) = u{^)-v{X). 

Because p^,rn{—) is nontrivial for a generic ^ we get that the polyno- 
mial V is nonzero. Hence p^,„(X) is trivial if and only if u{^) = 0. 

D 

Corollary 3.4. If m in the above proposition is odd then there exists a 
coadjoint orbit M^for which the class }i2m ^s trivial in H^"^{BG). D 

3.5. Coadjoint orbits of SU(n) again. 

Proposition 3.6. The }io, class in H^{BSU{n)) is trivial for the adjoint 
orbit of the diagonal matrix diag[Xi,. . .,X„] G 5u(n) if and only if 
Yj Xf = 0. In particular, the class }io, is trivial for the grassmannian 
G{m,2m) ofm-planes in C^*" and certain flag manifolds. 

Proof. The algebra S{su{n))^^^^> of invariant polynomials is gener- 
ated by the polynomials of the form 

su{n) 3X^Y,Xf, 

where X; G C are the eigenvalues of the matrix X. Hence any in- 
variant polynomial of degree three is up to a constant equal toJ^Xf. 
It follows from Proposition 13.31 that the orbit of a vector for which 
the above polynomial is trivial has vanishing class ^3. This include 
grassmannians G{m,2m) since it is (up to a scalar) the adjoint orbit 
of the diagonal matrix X = diag[z, . . . ,i,—i,. . . ,—i]. Taking a generic 
zero of the above polynomial we obtain flag manifolds for which the 
class ^3 is trivial. D 

3.7. Coadjoint orbits of SO(2n). Let S0{2n) -^ S0{2n + 1) ^ S^" 
be the bundle of the orthonormal frames with respect to the stan- 
dard round metric. The associated bundle 

S0{2n)/U{n) -^ E ^ S^"" 
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admits a fibrewise symplectic form due to Reznikov IH (see also 
K^dra-Tralle-Woike BU for a more general statement). This sym- 
plectic form restricts to the symplectic form on the fibres and it 
represents the coupling class. Since it is nondegenerate the fibre in- 
tegral of its top power is nonzero in H^"(S^"). Thus the class }in{E) 
is a nonzero multiple of the Euler class of the tangent bundle of S^". 
It follows that the class jdn is also nontrivial for an orbit in a 
neighbourhood of S0{2n)/U{n). In particular, for every subgroup 
H = Y[U{ni), with Y^rij = n, there is an SO (2n)-invariant form on 
S0{2n)/H such that the class ^„ is nonzero. 

Example 3.8. Let M = SO(8)/U{4). The above argument show that 
the class ji^ G H^(BHam(M)) is indecomposable. Moreover, the 
class ^2 is nontrivial, due to Corollary 12.61 Hence these classes are 
algebraically independent and their pull backs generate H*{BS0{8)). 

3.9. Coadjoint orbits of SO(4n + 2). Let t C so(4n + 2) be the Lie 
algebra of the maximal torus given by the skew symmetric matrices 
with 2 X 2-blocks on the diagonal. Hence an element ^ G t may be 
represented by an (2n + l)-tuple [ti, . . . , t2n+i] of real numbers. 

We have dim 7r4„-(-2(BSO(4n + 2)) (8) Q = 1 and the corresponding 
characteristic class is defined by the Pfaffian. When restricted to the 
Lie algebra t, the Pfaffian is, up to a constant, equal to the product 
of coordinates. This proves the following. 

Proposition 3.10. Let ^ = [ti, t2, ■ ■ ■ , i2n+i] G t C so(4n + 2). The class 
}iin+i £ H*""'"^(BS0(4n + 2)) is trivial for the coadjoint orbit M^ if and 
onlyifY\ti=0. D 

4. An APPLICATION TO LATTICES IN SEMISIMPLE GROUPS 

Let G be a semisimple Lie group, K C G a maximal compact 
subgroup and T C G an irreducible cocompact lattice trivially in- 
tersecting K. Let M C G'^ be a maximal compact subgroup of the 
complexification of G. Let H C X be the isotropy subgroup of 
^ ^ t^ . We have a Hamiltonian bundle 

K/H -^ r\G/H -^ r\G/K = Br 

classified by a map r\G/K -^ BK. It was observed by Okun that 
this classifying map lifts to a map r\G/K -^ M/K after passing 
to a sublattice of finite index if necessary. Let us call this lift the 
Okun map. The homomorphism H*{M/K) -^ H*{r) induced by 
the Okun map is called the Matsushima homomorphism and it is 
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known to be injective. It is also surjective in degrees smaller than 
the rank of G. This result was proved by Matsushima in [6]. 
We obtain the following diagram of Hamiltonian fibrations 

K/H K/H K/H 



r\G/H M/H BH 



Br "-^ M/K — ^ BK 

Theorem 4.1. Let ^ ^ t"^ be a generic element such that its isotropy 
subgroup H C Kis a maximal torus. Ifn2k{M/K) ®Q_ ^ TZ2k{BK) (g) Q 
zs nontrivial then the characteristic class 

Mr\G/H) G H^\Br) 

is nonzero. 

Proof. Let a G n^kiM/K) (g) Q be an element such that f^{a) ^ 0. 
According to Lemma |Z2l we have that the class }ik{BH) G H^'^{BK) 
evaluates non trivially on /* (a) hence the corresponding character- 
istic class }i]^{M/H) class is nonzero in H^^[M/K). Since the Mat- 
sushima homomorphism is injective we obtain the statement. D 

Theorem 4.2. Let K be a simple compact group different from S0(4n). 
Suppose it is of maximal rank in G. Let ^ ^ t^ be a generic element. De- 
note its isotropy subgroup by H C K. Then the image of the Matsushima 
homomorphism H*{M/K) — > H*{Br) is generated by the characteristic 
classes }i]^{r\G/H). 

Proof. It follows from Corollary 11.21 that the classes ji^ generate the 
cohomology ring H*{BK). Since K and M have equal rank the ho- 
momorphism H*{BK) — > H*{M/K) is surjective hence the ring 
H*{M/K) is also generated by the classes ji]^ and so is its image 
in H*(r). D 
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